In previous paper [10] , it is shown that linked systems of symmetric designs with a * 1 = 0 and mutually unbiased bases (MUB) are triply regular association schemes. In this paper, we characterize triple regularity of linked systems of symmetric designs by its Krein number. And we prove that maximal MUB carries a quadruply regular association scheme and characterize the quadruple regularity of MUB by its parameter.
Introduction
We study the regularity of 3-class (respectively 4-class) Q-polynomial association schemes with Q-antipodal (respectively both Q-antipodal and Q-bipartite).
In Section 2, we consider linked systems of symmetric designs. Systems of projective designs, that were defined by P. J. Cameron [3] , are the combinatorial object of finite doubly transitive groups which have more than two pairwise inequivalent permutation representations with the same permutation character. We call it linked systems of symmetric designs, if symmetric designs appearing in systems of projective designs are all same parameters. Noda [9] showed several inequalities concerning the parameters of linked systems of symmetric designs. Mathon [8] showed every linked system of symmetric designs carries a 3-class association scheme and calculated its eigenmatrices. It implies that these association schemes are Q-polynomial with Q-antipodal. Conversely van Dam [4] showed every 3-class Q-polynomial association scheme with Q-antipodal arises from a linked system of symmetric designs. The author [10] proved that every linked system of symmetric designs with a * 1 = 0 is a triply regular association scheme. Main theorem in this section is the converse proposition, that is, if a linked system of symmetric designs is triply regular, then a * 1 = 0. This proof is essentially due to [9, Theorem 2] . In Section 3, we consider the quadruple regularity of symmetric association schemes. We define the quadruple regularity and give the sufficient condition that spherical designs become the quadruply regular symmetric association schemes.
In Section 4, we consider the real mutually unbiased bases (MUB). One important problem of real MUB is to determine the maximal number of real MUB in R d . It is well known that its number is at most d/2 + 1. Real MUB is said to be maximal if equality holds. Recently W. J. Martin et al. [6] showed that there is a one-to-one correspondence between real MUB and 4-class Q-polynomial association schemes which is both Q-bipartite and Q-antipodal. Moreover W.J. Martin et al. [7] had shown that a 4-class Q-polynomial association schemes which is both Q-bipartite and Q-antipodal is obtained by the extended Q-bipartite double of a linked system of symmetric design with certain parameters. The author proved in [10] that every MUB carries a triply regular association scheme. The main theorem in this section is that MUB carries a quadruply regular association scheme if and only if MUB is maximal.
2 Linked systems of symmetric designs Definition 2.1. Let (X i , X j , I i,j ) be an incidence structure satisfying X i ∩ X j = ∅, I t j,i = I i,j for any distinct integers i, j ∈ {1, . . . , f }. We put X = f i=1 X i , I = i =j I i,j . (X, I) is called a linked system of symmetric (v, k, λ) designs if the following conditions hold:
(1) for any distinct integers i, j ∈ {1, . . . , f }, (X i , X j , I i,j ) is a symmetric (v, k, λ) design, (2) for any distinct integers i, j, l ∈ {1, . . . , f }, and for any x ∈ X i , y ∈ X j , the number of z ∈ X l incident with both x and y depends only on whether x and y are incident or not, and does not depend on i, j, l.
We define the integers σ, τ by
where i, j, l ∈ {1, . . . , f } are distinct and x ∈ X i , y ∈ X j . Theorem 1 in [3] shows
where n = k − λ. Considering complement designs (X i , X j , I i,j ) for any distinct integers i, j ∈ {1, . . . , f }, we can assume either (σ, τ ) = (
. We obtain a Q-antipodal 3-class Q-polynomial association scheme (X, {R i } 3 i=0 ) where
Conversely every Q-antipodal 3-class Q-polynomial association scheme with equivalence relation R 0 ∪ R 2 arises from a linked system of symmetric designs in [4, Theorem 5.8] .
) is a Q-polynomial association scheme which is Q-antipodal with equivalence relation R 0 ∪ R 2 . Then the following are equivalent.
) is triply regular.
(2) a * 1 = 0.
Proof. (1)⇒(2):Let {X i , . . . , X f } be a system of imprimitivity with respect to the equivalence relation R 0 ∪ R 2 and (X, R 1 ) a linked system of symmetric (v, k, λ) designs. Assume that
By the assumption of triple regularity, the following number
for distinct points x, y, z ∈ X 1 does not depend on x, y, z ∈ X 1 . This implies that a pair (X 1 , f i=2 X i ) is a 3-design, therefore equality holds in [9, Theorem 2] . It follows that
This implies a * 1 = 0 (See [10, p.14]).
Remark 2.3. Mathon [8] pointed out that the inequality in [9, Theorem 2] is equivalent to a * 1 ≥ 0.
3 Quadruple regularity of symmetric association schemes
) be a symmetric association scheme. Then the association scheme X is said to be quadruply regular if, for all
depends only on I, J and not on x 1 , . . . , x 4 .
) be a symmetric association scheme. We define the i-th subconstituent with respect to z ∈ X by R i (z) := {y ∈ X | (z, y) ∈ R i } and the (i, j)-th subconstituent with respect
Quadruple regularity is characterized by the concept of coherent configuration. We omit easy proof of the following lemma.
quadruply regular if and only if
) is triply regular and for all m ∈ {1, . . . , d} and
Let X be a finite subset in S d−1 with degree s, and
We denote p
) is a symmetric association scheme, where
Proof. Immediate from definition.
The following theorem is used to prove Corollary 3.6.
If one of the following holds depending on the choice of i, j, k ∈ {1, . . . , n}: y) ) which are assumed be independent of (x, y) with x, y = γ.
coherent configuration. The parameters of this coherent configuration are determined by
The following lemma shows the antipodal double cover of coeherent configurations are also coherent configurations.
carries also a coherent configuration.
Then the following equalities hold:
The following corollary gives the sufficient condition of the quadruple regularity of triply regular association schemes obtained from an antipodal finite subset of sphere. Its proof follows from the same argument of [10, Corollary 2.9].
Corollary 3.6. Let X ⊂ S d−1 be an antipodal finite subset and A ′ (X) = {α 1 , . . . , α s } with
) is a triply regular symmetric association scheme, where z 2 ) has the same strength for all z 1 , z 2 ∈ X with α m = z 1 , z 2 .
Moreover if the assumption (1), (2) or (3) of Theorem 3.4 is satisfied for y) ) which are assumed to be independent of (x, y) with γ = x, y are independent of the choice of z 1 , z 2 with α m = z 1 , z 2 , then (X, {R k } s k=0 ) is a quadruply regular association scheme.
Proof. (1), (2), (3) follow from arguments similar to that in [10, Corollary 2.9].
Fix
to be a coherent configuration whose parameters are independent of z 1 , z 2 with z 1 , z 2 = ±1. 
Real mutually unbiased bases
be a collection of orthonormal bases of R d . M is called real mutually unbiased bases (MUB) if any two vectors x and y from different bases satisfy
be a MUB, and put X = M ∪ (−M ). The angle set of X is
We set
and we define
) is a Q-polynomial association scheme which is both Q-antipodal and Q-bipartite in [6, Theorem 4.1].
Conversely let (X, {R k } 4 k=0 ) be a Q-polynomial association scheme which is both Q-antipodal and Q-bipartite, then the image of the embedding into first eigenspace by primitive idempotent E 1 is M ∪ (−M ), where M is mutually unbiased bases in [6, Theorem 4.2] .
Applying [2, Theorem 4.8] to the above scheme for i = j = 1 using the paramerters in [6, Appendix] , we obtain the inequality f ≤ d 2 + 1. We call M a maximal MUB if this upper bound is attained.
Lemma 4.2. (X, {R
) is a Q-polynomial association scheme which is both Q-antipodal and Q-bipartite with f Q-antipodal classes of size 2d. Assume f ≥ 3. Then for z ∈ X and j = 1, 3 ) is triply regular, in particular R j (z) carries an association scheme for any z ∈ X, j ∈ {1, 3}. Let X j (z) be a derived design in S d−2 of X with respect to z, α j . We verify the intersection numbers of X j (z). For x, y ∈ X j (z), we set p α,β (x, y) = |{w ∈ X j (z) | x, w = α, w, y = β}|.
The angle set of X j (z) is
, therefore X j (z) satisfies t = 2s−4. And for any γ = x, y , the intersection numbers p α 2 ,α 2 (x, y), p α 2 ,α 1 (x, y), p α 1 ,α 2 (x, y) are independent of the choice of x, y ∈ X j (z) with γ = x, y as follows:
For 0 ≤ λ ≤ 2, 0 ≤ µ ≤ 2 and (λ, µ) = (1, 2), (2, 1), (2, 2), we obtain a system of 6 linear equations
, where F λ,µ (t) is defined in [5, Section 7] . {p α i ,α j (x, y) | 1 ≤ i, j ≤ 3, (i, j) = (2, 2), (2, 1), (1, 2)} is uniquely determined by Theorem 3.4. The intersection matrices B i and the second eigenmatrix Q are as follows:
and hence the Krein matrix B * 1 is given as follows:
Therefore X 1 (z) is a Q-polynomial association scheme which is Q-antipodal.
The following Theorem shows that maximal MUB carries a quadruply regular association scheme and the quadruple regularity of an association scheme obtained from MUB is characterized by its parameter.
) is a Q-polynomial association scheme which is both Q-antipodal and Q-bipartite. Then the following conditions are equivalent:
) is quadruply regular,
) is quadruply regular. Then X 1 (z) is triply regular for any z ∈ X. By Lemma 4.2 and Theorem 2.2, (
where p 2 1,1 and p 2 1,3 are the intersectioin numbers of X in [1, 6 Appendix]. And the angle sets A(
therefore X 2 1,1 and X 2 1,3 are 3-designs in S d−3 by [5, Theorem 6.5] . We renumber as follows:
We define
If s i,j + s j,k − 2 ≤ 3, that is, when one of the i, j, k at least is equal to 1, then the assumption (1) of Theorem 3.4 holds. If s i,j + s j,k − 3 = 3, that is, when
And X 2 ∪ X 3 carries a subconstituent association scheme R 1 (z 1 ) of X whose parameters are independent of z 1 by Lemma 4.2, therefore those for (2, 3, 3) (respectively (2, 3, 2), (3, 2, 3)) are determined by those for (2, 2, 3) (respectively (2, 2, 2), (3, 3, 3) ). The intersection numbers {p j α,β | α = α 2 i,j or β = α 2 j,k } for x ∈ X i , y ∈ X k and (i, j, k) ∈ {(2, 2, 2), (3, 3, 3) , (2, 2, 3)} are given in Table 1 . These numbers are independent of z 1 , z 2 ∈ X with z 1 , z 2 = α 2 . Hence the assumption of (2) of Theorem 3.4 holds for i, j, k (i, j, k) in (4.1).
( 1), (1, 2), (1, 3), (2, 1) }. Indeed X 1 1,2 , X 1 2,1 are regular simplexes in S d−3 . And X 1 1,1 and X 1 1,3 are subconstituents of X 1 (z 1 ) with respect to z 2 ∈ X 1 (z 1 ). X 1 (z 1 ) is a Qpolynomial association scheme by Theorem 4.2 with a * 1 = 0, so Lemma 4.2 in [10] implies that X 1 1,1 and X 1 1,3 are 2-designs in S d−3 . We renumber as follows:
then the assumption (1) of Theorem 3.4 holds.
If
or if s i,j + s j,k − 4 = 2, that is, when
we do not show that the (i, j, k) in (4.2) (respectively (4.3)) satisfy the assumption (2) (respectively (3)) of Theorem 3.4, directly verify that the intersection numbers on X j for x ∈ X i , y ∈ X k are independent of x, y and of z 1 , z 2 by using the triple regularity of subconsitituents of X. X 2 ∪ X 3 ∪ X 4 carries a subconstituent association scheme R 1 (z 1 ) which is obtained from a system of linked symmetric designs with a * 1 = 0, and X 2 , X 3 , X 4 are the subconstituents of R 1 (z 1 ) with respect to z 2 ∈ R 1 (z 1 ). R 1 (z 1 ) is triply regular, so X 2 ∪ X 3 ∪ X 4 carries a coherent configuration whose parameters are independent of z 2 . The parameters of X 2 ∪ X 3 ∪ X 4 depends on those of R 1 (z 1 ) which is independent of z 1 . Therefore the parameters of X 2 ∪ X 3 ∪ X 4 are independent of z 1 , z 2 with z 1 , z 2 = α 1 . Interchanging z 1 with z 2 and using X 4 = −X 1 3,1 , we can show X 1 ∪ X 3 ∪ X 4 carries a coherent configuration whose parameters are independent of z 1 , z 2 with z 1 , z 2 = α 1 .
(iii) The case z 1 , z 2 = α 3 is similar to the case z 1 , z 2 = α 1 . By Corollary 3.6, we obtain the desired result. } for z 1 , z 2 ∈ X such that z 1 , z 2 = 0 carries an association scheme. 5 Quadruple regularity of linked systems of symmetric designs Finally we consider whether the linked of symmetric designs with a * 1 = 0 could become quadruply regular or not. We denote the collection of all k-subsets of Ω by Ω k . Let (X i , X j , I i,j ) be an incidence structure satisfying X i ∩ X j = ∅, I t j,i = I i,j for any distinct integers i, j ∈ {1, . . . , f }. We put X = f i=1 X i , I = i =j I i,j . Let (X, I) be a linked system of symmetric designs with 1 < k < v − 1. By [3, Theorem 1], n = k − λ is a square number. Since k < v − 1, we have n = 1. Hence n ≥ 4 and we have v ≥ 15. We define α(S) = |R 1 (x 1 ) ∩ R 1 (x 2 ) ∩ R 1 (x 3 ) ∩ R 1 (x 4 )|, for S = {x 1 , x 2 , x 3 , x 4 } ∈ X 1 4 . Counting in two ways the numbers of these sets
X i | (x, y) ∈ R 1 for any x ∈ S}, {(S, T ) ∈ X 1 4 × f i=2 X i 2 | (x, y) ∈ R 1 for any x ∈ S, y ∈ T }, we have the following equalities: 
